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 An Example of Non-isomorphic Group Association Schemes with the
 same Parameters
 S ATOSHI Y OSHIARA
 It is shown that the group association scheme for the split extension of 2 3 by  SL 3 (2) is not
 isomorphic to that for the non-split extension , although they have the same set of parameters
 (intersection numbers) .
 Ö  1997 Academic Press Limited
 1 .  I NTRODUCTION
 Two finite groups with isomorphic group association schemes have the same
 character tables ; that is , their schemes have the same parameters (or intersection
 numbers) . How about the converse? As far as I know , no result concerning this
 problem has appeared in the literature . The problem to find counter-examples to the
 converse was proposed by E . Bannai at the workshop on association schemes and
 incidence geometries held at Kyoto RIMS in March 1995 , together with the conjecture
 that there exist many such examples . Explicitly , we have the following .
 P ROBLEM .  Find a pair of finite groups  G  and  H  such that their group assocation
 schemes  - ( G ) and  - ( H ) satisfy the following conditions :
 (1)  the intersection numbers of  - ( G ) coincide with those of  - ( H ) (that is , the
 character table of  G  is the same as that of  H ) ; but
 (2)  - ( G ) is not isomorphic to  - ( H ) .
 In this note , the split extension  G  >  2 3 :  SL 3 (2) of 2 3 by  SL 3 (2) and the non-split
 extension  H  >  2 3  ?  SL 3 (2) are proved to satisfy the above conditions (1) and (2) .
 It is well known that they have the same character table under a suitable
 arrangement of conjugacy classes and irreducible characters [2] (see also the Appen-
 dix) . Thus we will show that their group schemes are not isomorphic . A proof of this
 fact is given in Section 4 by examining the relations between the class of elements of
 order 3 and that of 2-elements , both in  - ( G ) and  - ( H ) .  In Sections 5 and 6 we
 determine the automorphism groups of  - ( G ) and  - ( H ) to be  G  3  G  and  H  3  H ,
 respectively , from any one of which the desired non-isomorphic property of  - ( G ) and
 - ( H )  follows immediately .
 Elementary remarks about the automorphism group of a group association scheme
 are summarized in Section 2 and some properties of the groups  G  and  H  are reviewed
 in Section 3 .
 Throughout Sections 4 – 6 , we frequently examine the elements of a conjugacy class
 C  in a specified relation , say  D , with an element of another class  E  (e . g .  C 2 ( t ;  2) in 4 . 1) ,
 and the set of elements of  E  in relation  D  with all such elements (e . g . the latter set in
 4 . 1) . Note that the cardinality of the set of the former elements can be calculated as a
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 structure constant from the character table , while that of the latter cannot be obtained
 without using detailed information on groups , and it depends on the structure of each
 group . In fact , the latter is the crucial structure to distinguish  - ( G ) from  - ( H ) (see the
 proof of Theorem in Section 4) and to determine their automorphism groups (see
 Sections 5 and 6) .
 Even for another group association scheme , once information on the above
 structures is obtained , it seems not so dif ficult to determine its automorphism group by
 just applying standard arguments in group theory . In fact , Aut( - ( G )) and Aut( - ( H ))
 can be determined in a straightforward and similar manner , except for Lemmas 5 . 4 and
 6 . 4 , which seem to have special properties that make the required calculation much
 easier in our case .
 2 .  G ROUP A SSOCIATION S CHEMES AND T HEIR A UTOMORPHISM G ROUPS
 In this section , some elementary properties of the automorphism group of a group
 association scheme are summarized .
 For a finite group  G  with  n  1  1 conjugacy classes , say ,  C 0  5  h 1 j , C 2  ,  .  .  .  ,  C n , the
 group association scheme  - ( G ) is a set  G  endowed with  n  1  1 relations  R ( C i ) on  G
 ( i  5  0 ,  .  .  .  ,  n )  defined by
 ( x ,  y )  P  R ( C i )  if f  x
 2 1 y  P  C i  ( i  5  0 ,  .  .  .  ,  n ) .
 For another finite group  H  with classes  D 0  ,  .  .  .  ,  D n  two group association schemes
 - ( G )  and  - ( H ) are called  isomorphic  if there is a bijection  r  (not necessary
 homomorphism) of the set  G  with the set  H  sending  C i  to  D i  for each  i  5  0 ,  .  .  .  ,  n , such
 that
 ( x ,  y )  P  R ( C i )  if f  ( x
 r  ,  y r  )  P  R ( D i )  ( i  5  0 ,  .  .  .  ,  n ) .
 For the same group  G  5  H  and  C i  5  D i  ,  such a permutation  r  on the set  G  is called
 an  automorphism  of  - ( G ) .  The group of all automorphisms of  - ( G ) is denoted
 Aut( - ( G )) ,  and called the  full automorphism group  of  - ( G ) .
 We can easily find the following subgroup of Aut( - ( G )) .  For ( a ,  b )  P  G  3  G , let
 m  ( a ,  b )  denote a map
 m  ( a ,  b ) :  x  S  a  2 1 xb  ( x  P  G )
 on  G .  Since  x  2 1 y  P  C i  if f  b
 2 1 x 2 1 yb  5  ( a  2 1 xb ) 2 1 a  2 1 yb  P  C i  ( i  5  0 ,  .  .  .  ,  n ) ,  m  ( a ,  b )  P
 Aut( - ( G ))  for any  a ,  b  P  G .  As  m  ( aa 9 ,  bb 9 )  5  m  ( a ,  b ) m  ( a 9 ,  b 9 ) ,  the map  m  :  ( a ,  b )  S
 m  ( a ,  b )  is an homomorphism of  G  3  G  into Aut( - ( G )) . An element ( a ,  b ) in the
 kernel of  m  satisfies  a  2 1  ?  g  ?  b  5  g  for all  g  P  G .  This condition for  g  5  1 implies  a  5  b
 and then  a  lies in  Z ( G ) ,  the center of  G . Thus the image of  m  is a subgroup of
 Aut( - ( G ))  isomorphic to ( G  3  G ) / h ( z ,  z )  3  z  P  Z ( G ) j .
 The left multiplications  m  ( a ,  1) for  a  P  G  form a subgroup of Aut( - ( G )) acting
 transitively on  G .  Thus  u Aut( & ) u  is  u G u  times the order of the stabilizer Aut( - ( G )) 1 of
 the identity element 1  P  G  in Aut( - ( G )) .  Since  x  P  C i  if f (1 ,  x )  P  R ( C i ) if f (1 ,  x s  )  P
 R ( C i )  if f  x
 s  P  C i  for any  s  P  Aut( - ( G )) 1 and  i  5  1 ,  .  .  .  ,  n ,  the stabilizer Aut( - ( G )) 1
 acts on each conjugacy class  C i .  Note that the stabilizer of the identity element 1 in the
 subgroup  h m  ( a ,  b )  3  a ,  b  P  G j  is  h I ( a )  3  a  P  G j ,  where  I ( a )  : 5  m  ( a ,  a ) is the inner
 automorphism of  G  induced by  a  P  G .
 If each  C i  is invariant under  x  S  x  2 1 , then  i  :  x  S  x 2 1 is an automorphism of  - ( G ) ,
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 which interchanges the left multiplications  h m  ( a ,  1)  3  a  P  G j  and the right multiplica-
 tions  h m  (1 ,  b )  3  b  P  G j .
 As a digression , we remark that for the dihedral group  D 8  : 5  k s ,  t  3  s 4  5  t 2  5  1 ,
 s t  5  s 2 1 l  of order 8 and the quarternoin group  Q 8  : 5  k a ,  b  3  a 4  5  b 4  5  1 , a 2  5  b 2 ,
 a b  5  a 2 1 l  their group association schemes  - ( D 8 ) and  - ( Q 8 ) are isomorphic , under the
 map given by  s i t j  S  a i b j  ( i  5  0 ,  1 ,  2 ,  3 , j  5  0 ,  1) .  In particular , Aut( - ( D 8 ))  >
 Aut( - ( Q 8 )) . In this case , the subgroup ( D 8  3  D 8 ) / h ( z ,  z )  3  z  P  Z ( D 8 ) j  of Aut( - ( D 8 )) is
 isomorphic to an extra-special group 2 1 1 4 1  of order 32 of plus type , and coincides with
 the subgroup ( Q 8  3  Q 8 ) / h ( z ,  z )  3  z  P  Z ( Q 8 ) j  of Aut( - ( D 8 ))  5  Aut( - ( Q 8 )) .  We can
 easily verify that Aut( - ( D 8 )) is generated by this subgroup and the above map  i  (note
 that each conjugacy class of  D 8 and  Q 8 is closed under inversion) . Thus Aut( - ( D 8 ))  >
 2 1 1 4 1  :  2 ,  where the outer involution interchanges two dihedral (and quarternion)
 subgroups with center in common .
 3 .  T HE EXTENSIONS 2 3 :  SL 3 (2) AND 2 3  ?  SL 3 (2)
 In this section we collect some remarks on properties of  SL 3 (2) ,  the group of
 non-singular matrices of degree 3 with coef ficients in  F 2 , and the split and non-split
 extensions of 2 3 by  SL 3 (2) . Although these properties are well known , I give brief
 explanations for some (geometric) ways of verifying them .
 3 . 1 .  SL 3 (2) .  Recall that  L  : 5  SL 3 (2) has exactly six conjugacy classes of lengths 1 , 21 ,
 56 , 42 , 24 and 24 . The representatives have orders 1 , 2 , 3 , 4 , 7 and 7 , respectively . If  h
 is an element of  L  of order 7 , then  h  3 is not conjugate to  h  under  L .
 In the later sections , the following geometric interpretations of elements of order 2
 and 3 in  SL 3 (2) are useful .
 Let  U  : 5  F 3 2 be the space of row vectors on which  SL 3 (2) acts naturally from the
 right . For an involution  u  of  SL 3 (2) , the centralizer  C U ( u )  : 5  h v  P  U  3  ( v ) u  5  v j  is a
 two-dimensional subspace of  U  (that is , a line of the projective plane  PG (2 ,  2)) , and the
 commutator space [ U ,  u ]  : 5  h v  1  ( v ) u  3  v  P  U j  is a one-dimensional subspace of  U
 (that is , a point of  PG (2 ,  2)) that is contained in  C U ( u ) .  Thus the correspondence
 f  :  u  S  ([ U ,  u ] ,  C U ( u ))  determines a map from the set of involutions of  SL 3 (2) to the
 set of maximal flags (that is , the pairs ( P ,  l ) of points and lines with  P  Õ  l ) .  For each
 maximal flag ( P ,  l ) ,  there is a unique involution  u  of  SL 3 (2) with [ U ,  u ]  5  P  and
 C U ( u )  5  l .  Thus the above map  f  is a bijection . This accounts for the fact that the
 number of involution of  SL 3 (2) coincides with the number 21  5  7  3  3 of maximal flags .
 For an element  t  of order 3 in  SL 3 (2) , the centralizer  C U ( t ) is a point of  PG (2 ,  2) but
 having the trivial intersection with the commutator space [ U ,  t ]  : 5  k v  1  ( v ) t  3  v  P  U l ,
 which is a line . Thus  c  :  k t l  S  ( C U ( t ) ,  [ U ,  t ]) is a map from the set of subgroups of order
 3 into the set of anti-flags . For any line  l  not containing a point  P , there are exactly two
 ways of specifying a 3-cycle on  l , and each of them can be extended to an element of
 order 3 in  SL 3 (2) fixing  P  and having  l  as its commutator space . Thus  c  is also a
 bijection . As there are 7  3  (7  2  3)  5  28 anti-flags , this explains 56  5  28  3  2 , the number
 of elements of order 3 in  SL 3 (2) .
 As an example of the use of these geometric interpretations , let me explain how to
 count the number of pairs ( a ,  b ) of involutions in  SL 3 (2) with  ab  a specified element ,
 say  t , of order 3 in  SL 3 (2) . (Of course , we can compute this number as a structure
 constant , once we have the character table of  SL 3 (2) in hand . See the formula in the
 Appendix . )
 Note that  ab  5  t  for involutions  a , b  if f  a  is an involution inverting  t . Thus the fixed
 point  P  : 5  C U ( t ) by  t  is fixed by  a  and the line  l  : 5  [ U ,  t ] is invariant under the action
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 of  a . Then  a  has a unique fixed point , say  Q , on  l ,  and interchanges the other two
 points on  l .  As  a  stabilizes two distinct lines  l  and  k P ,  Q l  through  Q ,  Q  should be the
 commutator space of  a  and  k P ,  Q l  5  C U ( a ) .  As the map  f  above is a bijection , each of
 the three possibilities for points on  l  determines a unique involution inverting  t .
 Furthermore , observing the actions on  PG (2 ,  2) , we can conclude that  t  5  u 1 u 2  5
 u 2 u 3  5  u 3 u 1  for the involution  u i  with  f  ( u i )  5  ( Q i  ,  k P ,  Q i l ) ,  where  Q i  ( i  5  1 ,  2 ,  3) are
 three points on  l .
 Here , the pair of elements  t  and  t 2 1 can be characterized as follows as the unique
 elements of order 3 with involutive products with all involutions  u i  ( i  5  1 ,  2 ,  3) above .
 In later sections , we use this fact . We remark that the above characterization of an
 element in terms of elements with specified relations cannot be deduced from the
 character table .
 Certainly ,  t  and  t 2 1 are such elements by the description of  t  as products of  u i ’s .
 Conversely , let  g  be an element of order 3 in  SL 3 (2) such that  u i g  are involutions for all
 i  5  1 ,  2 ,  3 .  As  u i  inverts  g , the centralizer  C U ( g ) should be the intersection of three
 centralizers  C U ( u i ) and the commutator [ U ,  g ] is a unique common line stabilized by all
 u i  ( i  5  1 ,  2 ,  3) .  Thus by the bijectivity of the map  c  above ,  g  must be  t  or  t 2 1 .
 3 . 2 .  Split extension  2 3 :  SL 3 (2) .  Let  G  be a non-trivial split extension of 2 3 by  SL 3 (2) ;
 that is ,  G  has a normal subgroup  V  isomorphic to the additive group of the
 three-dimensional row vector space  F 3 2 over  F 2 and a subgroup  L  isomorphic to the
 group  SL 3 (2) such that  G  5  VL  and  V  >  L  5  1 . The action of  L  on  V  given by
 conjugation is equivalent to the right multiplication of  SL 3 (2) with the row vector space
 F 2 .
 We can calculate the conjugacy classes of  G  as follows . Under the conjugation by  G ,
 each element of  G  is conjugate to an element in a coset  Vg , where  g  ranges over the
 representatives of conjugacy classes of  L  >  SL 3 (2) .  Thus it suf fices to consider the
 conjugacy among the elements in one of the following six cosets :
 F , F s  , F r  , F τ  , F h  , F h  3 , where , with respect to a fixed basis  e 1 ,  e 2 ,  e 3 of  V ,
 s  is an involution with  f  ( s  )  5  ( k e 1 l ,  k e 1 ,  e 2 l ) (see 3 . 1 for the map  f  ) ;
 r  is an element of order 4 of  L  sending  e 1  S  e 1 ,  e 2  S  e 1  1  e 2 ,  e 3  S  e 1  1  e 2  1  e 3 ;
 τ  , an element of order 3 with  c  ( τ  )  : 5  ( k e 1  1  e 2 l ,  k e 1 ,  e 3 l ) (see 3 . 1 for the map  c  ) ;
 and  h  is an element of  L  or order 7 sending  e 1  S  e 2  S  e 3  S  e 1  1  e 2 .
 Clearly ,  V  4  forms a conjugacy class under the doubly transitive action by
 L  >  SL 3 (2) .  Since elements of order 7 act fixed point freely on  V , V h  (and  V h  3 ) forms
 one  V  -conjugacy class . As  u C V  ( τ  ) u  5  2 , the coset  V τ  splits into two  V  -conjugacy classes
 of elements of order 3 and 6 , both of length 4 , with representatives  τ  and ( e 1  1  e 2 ) τ  ,
 respectively .
 Since [ V ,  r  ]  5  k e 1 ,  e 2 l , the coset  V r  splits into the two  V  -classes of length 4 with
 representatives  r  and  e 3 r .  These two are not  G -conjugate , because , as the image
 of  r  in  SL 3 (2)  >  G  / V  is self-centralizing , any element sending  r  to  e 3 r  should lie in
 V  k r  l .
 As for the coset  V s  , the involutions consist of four elements of the form  C V  ( s  ) s
 and the rest forms one  VC L ( s  )-class of elements of order 4 with representative  e 3 s  .
 The involutions  s  and  e 2 s  are not  G -conjugate , as  e 2  ¸  [ V ,  s  ] .  Thus the involutions of
 V s  split into two  G -classes with these two as representatives .
 Hence we have verified that  G  has the following 11 conjugacy classes :
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 x  ( 0  ?  x  P  V  )
 x s  ( s  P  L , o ( s  )  5  2 ,  x  P  [ V ,  s  ])
 x s  ( s  P  L , o ( s  )  5  2 ,  x  P  C V  ( s  )  2  [ V ,  s  ])
 x τ  ( s  P  L , o ( τ  )  5  3 ,  x  P  [ V ,  τ  ])
 x s  ( s  P  L , o ( s  )  5  2 ,  x  P  V  2  C V  ( s  ))
 x r  ( r  P  L , o ( r  )  5  4 ,  x  P  [ V ,  r  ])
 x r  ( r  P  L , o ( r  )  5  4 ,  x  P  V  2  [ V ,  r  ])
 x τ  ( τ  P  L , o ( τ  )  5  3 ,  0  ?  x  P  C V  ( τ  ))
 x s  ( s  P  L , o ( s  )  5  7 ,  s  ,  h  ,  x  P  V  )
 x s  ( s  P  L , o ( s  )  5  7 ,  s  ,  h  3 ,  x  P  V  )
 3 . 3 .  Non - split extensions  2 3  ?  SL 3 (2) .  As for the non-split extension  H  of 2 3 by  SL 3 (2) ,
 [3] seems to me the most illuminating reference , in which  H  is presented as the
 automorphism group of a Moufant loop  2 1 6 .  Although the only fact on  H  required to
 show that  - ( G )  > u  - ( H ) in Section 5 is that  H  has an element of order 8 , I give here
 more explicit computations on  H  based on its permutation representation on 14 letters ,
 which are useful in giving a shorter proof of the above non-isomorphic property in
 Section 4 and to determine Aut( - ( H )) in Section 6 . They can be verified by any
 package for group theory , such as GAP or MAGMA .
 The loop  2 1 6 is a set of 16 points , say  Ú e ,  Ú 1 ,  .  .  .  ,  Ú  7 , endowed with the
 multiplication given in the following table , together with the rule that  e  is the identity ,
 Ú e  are commuting with any other elements , and ( Ú e ) 2  5  e , yx  5  2 xy  for any  x ,  y
 distinct from  Ú e  (see Table 1 of [3]) . The ( i ,  j )-entry of this table gives the product  ij ,
 where we give only one of  xy  and  yx ,  and omit the multiplication with the central
 elements  Ú e . Note that this multiplication does not satisfy the associative low .
 1  2  3  4  5  6  7
 1  2 e  4  7  2 2  6  2 5  2 3
 2  2 e  5  1  2 3  7  2 6
 3  2 e  6  2  2 4  1
 4  2 e  7  3  2 5
 5  2 e  1  4
 6  2 e  2
 7  2 e
K
 By Lemma 4 . 1(iii) of [3] , Aut( 2 1 6 ) is a (non-trivial) non-split extension of 2 3 by
 SL 3 (2) .  The uniqueness of such extension is proved by calculating  H
 1 ( SL 3 (2) ,  2
 3 ) (see ,
 e . g ., [1]) . From now on , we set  H  : 5  Aut( 2 1 6 ) .
 Clearly , any automorphism of Aut( 2 1 6 ) fixes  e  and  2 e , and hence  H  5  Aut( 2 1 6 ) is a
 permutation group on the set  h Ú 1 ,  .  .  .  ,  Ú 7 j  of 14 letters . We denote an element of  H
 by the permutation on  h Ú 1 ,  .  .  .  ,  Ú 7 j  induced by it . Furthermore , note that  H  acts on
 the set of seven paris  h Ú i  3  i  5  1 ,  .  .  .  ,  7 j . We denote the kernel of this action by  F .  In
 terms of [3] ,  F  is the group of all  diagonal  automorphisms , and hence  F  >  2 3 and
 H  / F  >  Aut( F  )  >  SL 3 (2)  (but the extension does not split) .
 In the above table , the product ( i  1  1)(  j  1  1) can be obtained from  ij  by a natural
 shift by a 7-cycle (1 ,  .  .  .  ,  7) , preserving the sign . This implies that the element  h  below
 preserves the multiplication and so is an element of Aut( 2 1 6 ) :
 h  : 5  (1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7)( 2 1 ,  2 2 ,  2 3 ,  2 4 ,  2 5 ,  2 6 ,  2 7) .
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 We can directly verify that the following element  r  preserves the multiplication of
 2 1 6 and hence  r  is an element of  H :
 r  : 5  (1 ,  4 ,  7 ,  2 6 ,  2 1 ,  2 4 ,  2 7 ,  6)(2 ,  5 ,  2 2 ,  2 5) .
 The element  f 1  : 5 r
 4  5  (1 ,  2 1)(4 ,  2 4)(6 ,  2 6)(7 ,  2 7) preserves each of the seven pairs
 h Ú i j , and so  f 1  P  F .  Taking its conjugates by  h  above , we obtain all the seven non-trivial
 vectors of  F  :
 f 1  5  (1 ,  2 1)(4 ,  2 4)(6 ,  2 6)(7 ,  2 7) ,
 f 2  : 5  f
 ( h  5 )
 1  5  (2 ,  2 2)(4 ,  2 4)(5 ,  2 5)(6 ,  2 6) ,
 f 3  : 5  f
 ( h  6 )
 1  5  (3 ,  2 3)(5 ,  2 5)(6 ,  2 6)(7 ,  2 7) ,
 f  h 1  5  (1 ,  2 1)(2 ,  2 2)(5 ,  2 5)(7 ,  2 7)  5  f 1  f 2  ,
 f  ( h
 3 )
 1  5  (2 ,  2 2)(3 ,  2 3)(4 ,  2 4)(7 ,  2 7)  5  f 2  f 3  ,
 f  ( h
 4 )
 1  5  (1 ,  2 1)(3 ,  2 3)(4 ,  2 4)(5 ,  2 5)  5  f 1  f 3  ,
 f  ( h
 2 )
 1  5  (1 ,  2 1)(2 ,  2 2)(3 ,  2 3)(6 ,  2 6)  5  f 1  f 2  f 3 .
 We can now calculate the conjugacy classes of  H .  Under the conjugation by  H ,  each
 element of  H  is conjugate to an element in a coset  Fg  with  g  inducing a fixed
 representative of a conjugacy class of  SL 3 (2) .  Thus it suf fices to consider the conjugacy
 among the elements in one of the following six cosets :
 F ,  F s  ,  F r  ,  F τ  ,  F h  ,  F h  3 ,
 where  s  : 5  r  2  5  (1 ,  7 ,  2 1 ,  2 7)(4 ,  6 ,  2 4 ,  2 6) inducing an involution  s#   on  F  with
 f  ( s#  )  : 5  ([ F ,  s#  ] ,  C F  ( s#  ))  5  ( k  f 1 l ,  k  f 1  ,  f 2  l )
 (see 3 . 1 for the map  f  ) ,  r  induces an element of order 4 in  SL 3 (2) , and
 τ  : 5  (1 ,  2 5 ,  2 7)(3 ,  6 ,  2 4)(4 ,  2 3 ,  2 6)(5 ,  7 ,  2 1)
 is an element of order 3 inducing an element  τ#   of order 3 with
 c  ( τ#  )  : 5  ( C F  ( τ#  ) ,  [ H ,  τ#  ])  5  ( k  f 1  f 2  l ,  k  f 1  ,  f 3  l )
 (see 3 . 1 for the map  c  ) .
 As we saw above ,  F  4  forms a conjugacy class . Since elements of order 7 act fixed
 point freely on  F ,  F h  (and  F h  3 ) forms one  F  -conjugacy class . Observing the orders and
 the types as permutations , we can see that three elements  f 3 s  , f 2 s  and  s  are not
 conjugate to each other . Similarly ,  τ  and  f 1  f 2 τ  are non-conjugate elements in  F τ  , and  r
 is not conjugate to  f 3 r  ( P  F r  ) .  Calculating the centralizers of these elements in  H ,  we
 can conclude that we already have all the conjugacy classes of  H —that is ,  H  has the
 following 11 conjugacy classes :
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 f 2 s  5  (1 ,  7 ,  2 1 ,  2 7)(2 ,  2 2)(4 ,  2 6 ,  2 4 ,  6)(5 ,  2 5)
 τ
 f 3 s  5  (1 ,  7)(3 ,  2 3)(4 ,  6)(5 ,  2 5)( 2 1 ,  2 7)( 2 4 ,  2 6)
 f 3 r  5  (1 ,  4 ,  7 ,  6 ,  2 1 ,  2 4 ,  2 7 ,  2 6)(2 ,  5)(3 ,  2 3)( 2 2 ,  2 5)
 r
 f 1  f 2 τ  5  (1 ,  5 ,  2 7 ,  2 1 ,  2 5 ,  7)(2 ,  2 2)(3 ,  6 ,  2 4)(4 ,  2 3 ,  2 6)
 h
 h  3
 See the Appendix for the identical character tables of  G  and  H , which can be
 obtained , for example , by asking MAGMA or GAP [2] .
 I conclude with some remarks that will be useful in later sections . For an element
 u  P  D 2  <  D 3 , its image  u#   in  H  / F  >  SL 3 (2) is an involution , and  u 2 is the unique
 non-trivial element of the commutator space [ F ,  u ]  5  [ F ,  u#  ] .  For  u  P  D 2 and  v  P  F  , the
 product  v u  lies in  D 2 if f  v  5  0  or  v  5  u
 2 (that is ,  v u  5  u  or  u 2 1 ) , and the product  v u  lies
 in  D 3 if f  v  P  C 3 if f  v  P  C F  ( u )  2  [ F ,  u ] .  Thus we can describe  D 3 as the set  h v x  3  x  P
 D 2  ,  v  P  C F  ( x )  2  k x  2 lj .  Moreover , the product  xy  of two elements  x ,  y  P  D 2 with  y  ?  x  Ú 1
 is not an involution .
 4 .  A P ROOF OF  - (2 3 :  SL 3 (2))  > u  - (2 3  ?  SL 3 (2))
 In this section we give a proof of the fact  - ( G )  > u  - ( H ) for  G  >  2 3 :  SL 3 (2) and
 H  >  2 3  ?  SL 3 (2) , by comparing substructures in Lemma 4 . 1 and 4 . 2 below . Here we use
 the notation for the conjugacy classes of  G  and  H  in Section 3 . Moreover , the image of
 an element  x  of  G  (resp .  H ) in  G  / V  >  SL 3 (2)  5  Aut( V  ) (resp .  H  / F  >  SL 3 (2)  5
 Aut( F  ))  is denoted by  x#  .
 Although the following lemmas (Lemma 4 . 1 – 4 . 3) can be easily verified with the aid
 of GAP using the permutation representations of  G  and  H  of degree 8 and 14 ,
 respectively , here I give more geometric accounts which do not depend very much on
 these representations .
 L EMMA 4 . 1 .  For an element t  P  C 4  of order  3 , C 2 ( t ;  2)  : 5  h u  P  C 2  3  u 2 1 t  P  C 2 j  consists
 of three elements and
 h x  P  C 4  3  u 2 1 x  P  C 2  for  all  u  P  C 2 ( t ;  2) j  5  h t ,  t 2 1 j .
 P ROOF .  We may take  t  in a complement  l  >  SL 3 (2) .  As we saw in 3 . 1 , there are
 exactly three involutions  u i  of  L  ( i  5  1 ,  2 ,  3) for which  u i t  are involutions . In particular ,
 u i  P  C 2 ( t ;  2) .  By the same remark applying to the image  t #  of  t  in  G  / V  >  SL 3 (2) ,  the
 image  u#   of each  u  P  C 2 ( t ;  2) in  G  / V  coincides with  u#  i  for some  i  5  1 ,  2 ,  3 .  Then we can
 write  u  5  v u i  for some  v  P  V .  As  u  P  C 2 , we have  v  P  [ V ,  u i ] 4  by the description of the
 class  C 2 in 3 . 2 .
 Since  u  and  u 2 1 t  are involutions ,  u  inverts  t . Thus
 t 2 1  5  t u  5  u 2 1 i  v t v u i  5  ( vv
 t 2 1 ) u i t u i  .
 As  L  >  V  5  1 , we have  vv t 2 1  5  0 , and hence  v  P  C V  ( t )  >  [ V ,  u i ] .  Since the commutator
 space [ V ,  u i ] of an involution  u i  inverting an element  t  or order 3 of  SL 3 (2) lies in [ V ,  t ] ,
 as we saw in 3 . 1 , we have  C V  ( t )  >  [ V ,  u i ]  5  h 0 j  and  v  5  0 . This proves that  C 2 ( t ;  2)  5
 h u i  3  i  5  1 ,  2 ,  3 j .
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 If  x  P  C 4 satisfies  u
 2 1
 i  x  P  C 2 for all  i  5  1 ,  2 ,  3 ,  its image  x#   in  G  / V  >  SL 3 (2) should be
 t #  or  t #  2 1 , by 3 . 1 . Then  x  5  v t a  for some  v  P  [ V ,  t ] and  a  5  Ú 1 .  As  t 2 a  v  5  x  2 1  5  x u i  5
 v u i t 2 a ,  v  is centralized by  t a u i  .  However ,  t a u i  5  t 2 a u i t a  is an involution of  C 2 inverting  t ,
 and hence  v  P  " 3 i 5 1  ([ V ,  t ]  >  C V  ( t a u i ))  5  " 3 i 5 1  [ V ,  t a u i ]  5  h 0 j , as we saw in 3 . 1 . Thus
 x  5  t  or  t 2 1 .  Conversely , we already checked in 3 . 1 (for  L  >  SL 3 (2)) that  u 2 1 i  x  P  C 2 for
 x  5  t Ú 1  and all  i  5  1 ,  2 ,  3 .
 L EMMA 4 . 2 .  For an element t  P  D 4  of order  3 , both D 2 ( t ;  2)  : 5  h u  P  D 2  3  u 2 1 t  P  D 2 j
 and D 3 ( t ;  3)  : 5  h u  P  D 3  3  u 2 1 t  P  D 3 j  consists of three elements , and
 h x  P  D 4  3  u 2 1 x  P  D 2  for  all  u  P  D 2 ( t ;  2) j  5  h t j ,
 and
 h x  P  D 4  3  u 2 1 x  P  D 3  for  all  u  P  D 3 ( t ;  3) j  5  h t j .
 P ROOF .  First , we will verify that  u D 2 ( t ;  2) u  >  3 and  u D 3 ( t ;  3) u  >  3 .  To see this , we may
 take  t  5  τ  , the representative of  D 4 in 3 . 3 .
 For  τ  5  (1 ,  2 5 ,  2 7)( 2 1 ,  5 ,  7)(3 ,  6 ,  2 4)( 2 3 ,  2 6 ,  4) ,
 m  1  : 5  (3 ,  6 ,  2 3 ,  2 6)(5 ,  7 ,  2 5 ,  2 7)  is  an  element  of  D 2  such  that
 m  2 1 1  τ  5  (1 ,  2 5 ,  2 1 ,  5)(3 ,  4 ,  2 3 ,  2 4)  P  D 2 ;  and
 É  1  : 5  (3 ,  6 ,  2 3 ,  2 6)(5 ,  2 7 ,  2 5 ,  7)(1 ,  2 1)(2 ,  2 2)  is  an  element  of  D 3  such  that
 É  2 1 1  τ  5  (1 ,  5 ,  2 1 ,  2 5)(3 ,  4 ,  2 3 ,  2 4)(2 ,  2 2)(7 ,  2 7)  P  D 3  .
 Thus  m  1  ,  m  2  : 5  m
 τ
 1 and  m  3  : 5  m
 τ
 2 lie in  D 2 ( τ  ;  2) ,  and  É  1  ,  É  2  : 5  É  τ 1 and  É  3  : 5  É  τ 2 lie in
 D 3 ( τ  ;  3) .  Let  u i  (resp .  y  i ) for  i  5  1 ,  2 ,  3 be three elements of  D 2 ( t ;  2) (resp .  D 3 ( t ;  3))
 which are conjugate to  m i  (resp .  É i ) .
 Assume that  u  P  D 2 ( t ;  2) .  Then its image  u#   in  H  / F  >  SL 3 (2) is an involution
 inverting  t #  , an element of order 3 , and so  u#  5  u#  i  for some  i  5  1 ,  2 ,  3 ,  by 3 . 1 . We can
 write  u  5  v u i  for some  v  P  F .  Since both  u  and  u i  lie in  D 2 , it follows from the last
 remark in 3 . 3 that  v  lies in [ F ,  u#  i ] .  However ,  u 2 1 t  5  v ( u 2 1 i  t ) also lies in  D 2 . The same
 remark implies that  v  is contained in [ F ,  u#  i ]  >  [ F ,  u#  i t ]  5  C F  (  t #  )  >  [ F ,  u#  i ] ,  which is the
 zero space , as we saw in 3 . 1 . Thus  v  5  0  and we have  D 2 ( t ;  2)  5  h u i  3  i  5  1 ,  2 ,  3 j .
 Similarly , we have  D 3 ( t ;  3)  5  h y  i  3  i  5  1 ,  2 ,  3 j .
 Note that
 m 2 1 1  τ
 2 1  5  (1 ,  2 7)( 2 1 ,  7)(3 ,  2 3)(4 ,  2 6)( 2 4 ,  6)(5 ,  2 5)
 and
 É  2 1 1  τ  2 1  5  (1 ,  7)( 2 1 ,  2 7)(2 ,  2 2)(3 ,  2 3)(4 ,  2 6)( 2 4 ,  6)
 are involutions not in  F  , so they are elements of  D 5 . Thus for  u i  P  D 2 ( t ;  2) and
 y  i  P  D 3 ( t ;  3) ,  we have  u
 2 1
 i  t
 2 1 ,  y  2 1 i  t
 2 1  P  D 5 , not in  D 2 . This property distinguishes  - ( G )
 from  - ( H ) .
 Let  x  be an element of  D 4 such that  u
 2 1
 i  x  P  D 2 for all  i  5  1 ,  2 ,  3 .  Considering modulo
 F ,  x#  5  t #  a  for some  a  5  Ú 1 .  Then we can write  x  5  v t a  for some  v  P  F .  Assume that
 a  5  2 1 .  Then  t 2 1 u 2 1 i  5  ( u
 2 1
 i  t
 2 1 ) t  is an involution for  i  5  1 ,  2 ,  3 ,  as we remarked above .
 Since  u 2 1 i  x  5  ( v t 2 1 u 2 1 i  ) u i  is an element of order 4 in  D 2 ,  v  is not centralized by the
 involution  t 2 1 u 2 1 i  . Thus , if  v  ?  0 , the point  k v l  does not lie in  ! 3 i 5 1  C F  ( t 2 1 u 2 1 i  ) . Now
 t 2 1 u 2 1 i   induces the same action as  t #  2 1 u#  i  on  F  , which is an involution of  SL 3 (2)
 inverting  t #  . As we saw in 3 . 1 , the centralizer of  t #  2 1 u#  i  in  F  is one of the three lines
 through the point  C F  ( t ) .  As  i  ranges over  h 1 ,  2 ,  3 j , such lines cover all three lines
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 through  C F  ( t ) , and hence  k v l  cannot lie outside from them . Thus  v  5  0 , but this implies
 that  x  5  t 2 1 , which does not satisfy  u 2 1 i  x  P  D 2 .
 Thus  a  5  1 . In this case ,  tu  2 1 i  5  ( u 2 1 i  t ) t
 2 1
 and  u 2 1 i  x  5  ( v tu  2 1 i  ) u i  lie in  D 2 . Thus  v  is
 centralized by  tu 2 1 i   (see the argument in the determination of  D 2 ( t ;  2)) for all  i  5  1 ,  2 ,  3 .
 The observation in the above paragraph implies that  v  P  >  C F  ( tu  2 1 i  )  5  C F  ( t ) .  However ,
 as  x  5  v t  is of order 3 , we have  v  5  0 . Hence the latter claim is proved for  D 2 ( t ;  2) .
 The same arguments can be applied to show the latter claim for  D 3 ( t ;  3) .  h
 L EMMA 4 . 3 .  For an element s  P  D 8  of order  6 , D j ( s ;  j )  5  h u  P  D j  3  u 2 1 s  P  D j j  5  [  for
 j  5  2 ,  3 .
 P ROOF .  Each element  s  P  D 8 is a product  v t  of an element  t  P  D 4 with  v  P  F
 commuting with  t . For  a  P  D j  (  j  5  2 ,  3) such that  a 2 1 ( v t )  P  D j  ,  the image  a#   is an
 involution inverting  t #  , an element of order 3 in  SL 3 (2) ,  and hence  a#  5  u#  i  for some  i  by
 3 . 1 , where  u i  P  D 2 ( t ;  2) ( i  5  1 ,  2 ,  3) (see Lemma 4 . 1) . Then  a  5  w u i  for some  w  P  F .  As
 a  P  D 2  <  D 3  ,  w  P  C F  ( u i ) ,  as we saw in the proof of Lemma 4 . 2 .
 Since  a 2 1 ( v t )  5  ( wv ) u i ( u 2 1 i  t )  P  D 2  <  D 3 and  u 2 1 i  t  P  D 2 , we have ( wv ) u i  P  C F  ( u 2 1 i  t ) ; or ,
 equivalently ,  wv  P  C F  ( tu 2 1 i  ) . Since  C F  ( u i ) contains  C F  ( t )  5  k v l , as we saw in 3 . 1 , we
 have  wv  P  C F  ( u i )  >  C F  ( tu 2 1 i  )  5  C F  ( u i )  >  C F  ( t )  5  C F  ( t ) .  Then either  w  5  0  and  a  5  u i  P
 D 2  (so  j  5  2) or  w  5  v  and  a  5  v u i  P  D 3 (so  j  5  3) .
 In the latter case ,  a 2 1 ( v t )  5  u 2 1 i  t  P  D 2 , not  D 3 , which is a contradiction .
 In the former case , the condition  a 2 1 ( v t )  5  v u i ( u 2 1 i  t )  P  D 2 implies that  v u i  P  [ F ,  u 2 1 i  t ] ,
 but  v  5  v u i  (as  C F  ( t )  <  C F  ( u i )) is not contained in the commutator space of an
 involution  u#  2 1 i  t #  inverting  t #  , as we saw in 3 . 1 .
 Thus for each  j  5  2 ,  3 ,  there is no element  a  P  D j  with  a
 2 1 ( v t )  P  D j .  h
 T HEOREM .  The group association scheme  - ( G )  is not isomorphic to  - ( H ) .
 P ROOF .  Suppose that there is an isomorphism  r  :  - ( G )  5  - ( H ) .  Since Aut( - ( H )) is
 transitive on  H  (see Section 2) , we may assume that the identity element 1 of  G  is sent
 by  r  to that of  H .  Then , for any conjugacy class  C i  of  G  ( i  5  0 ,  .  .  .  ,  10) , we have
 x  P  C i  if f  (1 ,  x )  P  R ( C i )
 if f  (1 ,  x r  )  5  (1 r  ,  x  r  )  P  R ( D j )  for  some  j  5  0 ,  .  .  .  ,  10  if f  x r  P  D j .
 Thus  r  sends each class  C i  of  G  to some class  D j  of  H , and the restriction  r  3  C i  gives a
 bijection of  C i  onto  D j  5  C
 r
 i  . In particular ,  u C i u  5  u C  r i  u  5  u D j u .  This implies that
 C r 0  5  D 0 ;  C
 r
 1  5  D 1  ,  the  unqiue  class  of  H  of  length  7 ;
 ( C r 2  ,  C
 r
 3 )  5  ( D 2  ,  D 3 )  or  ( D 3  ,  D 2 ) ,  the  pairs  of  classes  of  H  of  length  42 ;
 and  C  r 4  5  D 4  or  D 8  ,  the  only  classes  of  H  of  length  224 .
 Note that if  C r i  5  D i 9 and  C
 r
 j  5  D j 9 , then for each  t  P  C i  ,  the sets  C j ( t ;  j )  5  h g  P
 C j  3  ( g ,  t )  P  R ( C j ) j  and  h x  P  C i  3  g 2 1 x  P  C j  for all  g  P  C j ( t ;  j ) j  are sent by  r  to the sets
 D j 9 ( t
 r  ;  j 9 )  5  h g  P  D j 9  3  ( g ,  t r  )  P  R ( D j 9 ) j  and  h x  P  D i 9  3  g  2 1 x  P  D j 9 for all  g  P  D j 9 ( t r  ;  j 9 ) j
 respectively .
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 If  C r 4  5  D 8 , this remark implies that  u C 2 ( t ;  2) u  5  3  5  u D i ( t r  ,  i ) u  for  i  5  2 ,  3 ,  which
 contradicts Lemma 4 . 2 . Thus  C r 4  5  D 4 .
 However , in this case , while the set  h x  P  C 2  3  g 2 1 x  P  C 2 for all  g  P  C 2 ( t ;  2) j  for  t  P  C 4
 consists of two elements by Lemma 4 . 1 , its image by  r  , which is  h x  P  D i  3  g  2 1 x  P  D i  for
 all  g  P  D i ( t
 r  ;  i ) j  for some  i  5  2 ,  3 ,  consists of exactly one element by Lemma 4 . 2 . This
 contradiction shows that there is no isomorphism between  - ( G ) and  - ( H ) .  h
 5 .  T HE A UTOMORPHISM G ROUP OF  - (2 3 :  SL 3 (2))
 In this section we determine the automorphism group of the group association
 scheme  - ( G ) for the split extension  G  >  2 3 :  SL 3 (2) .  The fact that  - ( G )  >  G  3  G  gives
 another proof of the fact  - (2 3 :  SL 3 (2))  > u  - (2 3  ?  SL 3 (2)) , which requires only one fact
 on the non-split extension  H ; that is , it has an element of order 8 .
 Let  G  be a split extension of 2 3 by  SL 3 (2) with natural action . As we saw in Section
 2 , Aut( - ( G )) contains a subgroup isomorphic to ( G  3  G ) / h ( z ,  z )  3  z  P  Z ( G ) j  >  G  3  G ,
 as  Z ( G )  5  h 1 j .  In this section , we show that this is in fact the full automorphism group
 of  - ( G ) :  Aut( - ( G ))  >  G  3  G .
 Since  u Aut( - ( G )) u  5  u G u  u S u  for the stabilizer  S  : 5  Aut( - ( G )) 1 of the identity element
 1  P  G  in Aut( - ( G )) (see Section 2) , it suf fices to show that  u S u  5  u G u ; that is ,  S  coincides
 with the group of the inner automorphisms  I ( g ) ( g  P  G ) .
 Let  r  be any element of  S .  We freely use the notation in 3 . 1 and 3 . 2 to describe
 classes and elements of  G  >  2 3 :  SL 3 (2) . In particular ,  V  is a normal subgroup of  G
 isomorphic to 2 3 , for which we use vector notation , admitting a natural action of a
 complement  L  >  SL 3 (2) .
 L EMMA 5 . 1 .  There is an element g  P  G such that  r I ( g )  fixes each element of the
 classes C 0  and C 1  .
 P ROOF .  Take two distinct non-trivial elements  a i  ( i  5  1 ,  2) of  V  . Since  C 1  <  C 2  <  C 3
 coincides with the set of all involutions of  G , an element  h  5  v s  P  C 2 ( v  P  V ,  s  P  L )
 commutes with  a i  ( i  5  1 ,  2) if f ( a i  ,  h )  P  R ( C 1 )  <  R ( C 2 )  <  R ( C 3 ) ( i  5  1 ,  2) if f  s  5
 f 2 1 ( k a l ,  k a 1 ,  a 2 l ) and  v  P  C V  ( s  )  5  k a 1 ,  a 2 l , where  f 2 1 ( k a l ,  k a 1 ,  a 2 l ) means the unique
 involution  u  in  L  with  C V  ( u )  5  k a 1 ,  a 2 l  and [ V ,  u ]  5  k a l  for some  0  ?  a  P  C V  ( u ) (see
 3 . 1) . Thus
 C 2 ( a 1 ,  a 2 )  : 5  h h  P  C 2  3  ( a i  ,  h )  P  R ( C 1 )  <  R ( C 2 )  <  R ( C 3 )( i  5  1 ,  2) j
 5  h s  ,  a s  3  0  ?  a  P  k a 1 ,  a 2 l ,  s  5  f 2 1 ( k a l ,  k a 1 ,  a 2 l ) j .
 By the similar reasoning , we can immediately see that
 h v  P  C 1  3  ( v ) 2 1 g  P  C 1  <  C 2  <  C 3 ( ; g  P  C 2 ( a 1 ,  a 2 )) j  5  h a 1 ,  a 2 ,  a 1  1  a 2 j .
 In particular , if  r  P  S  fixes  a 1 and  a 2 , it acts on  C 2 ( a 1 ,  a 2 ) and also on  h a 1 ,  a 2 ,  a 1  1  a 2 j ,
 and hence  r  fixes  a 1  1  a 2 .
 Now , since  SL 3 (2) is doubly transitive on the seven points of  PG (2 ,  2) , there is an
 element  g  P  G  such that  e r I ( g ) i  5  e i  for  i  5  1 ,  2 .  Since the pointwise stabilizer of  k e 1 ,  e 2 l
 in  L  acts transitively on the remaining four points of  V  2  k e 1 ,  e 2 l , there is an element
 h  P  L  such that  r I ( g ) I ( h ) fixes  e i  for all  i  5  1 ,  2 ,  3 .  Applying the above remark ,
 r I ( g ) I ( h )  also fixes  e i  1  e i 1 1 ( i  5  1 ,  2 ,  3) , reading the indices modulo 3 , and hence
 r I ( gh )  acts trivially on  C 0  <  C 1  .  h
 Since our aim is to show that  S  5  h I ( g )  3  g  P  G j , we may assume that  r  fixes each
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 element of  C 0  <  C 1 . We will do so from now on . Furthermore , for an involution  u  of  L ,
 we will use the symbol [ V ,  u ] 4  to denote the unique non-trivial vector in a
 one-dimensional subspace [ V ,  u ] of  V .
 L EMMA 5 . 2 .  An automorphism  r  acts on the pairs  h u ,  [ V ,  u ] 4 u j  for each in y  olution u
 in L .
 P ROOF .  Let  g  5  v s  ( v  P  V ,  s  an involution of  L ) be an element of  C 2 with
 a 2 1 g  5  a g  5  ( av ) s  P  C 2  for  a  P  C 1 . It follows from the description of  C 2 (see 3 . 2) that
 v ,  av  P  [ V ,  s  ] .  As dim[ V ,  s  ]  5  1 , we have [ V ,  s  ]  5  k a l , and  s  5  f 2 1 ( k a l ,  l )(dim( l )  5  2)
 is one of the three involutions with  a  P  l .  Thus we verified , for  a  P  C 1  ,
 h g  P  C 2  3  ( a ,  g )  P  R ( C 2 ) j  5  h f 2 1 ( k a l ,  l ) ,  a f 2 1 ( k a l ,  l )  3  a  P  l ,  dim( l )  5  2 j .
 For  b  P  C 1 distinct from  a , we have ( b ,  a f  ( k a l ,  l ))  P  R ( C 3 ) if f ( b ,  f  ( k a l ,  l ))  P  R ( C 3 ) if f
 b  P  l .  Thus
 h g  P  C 2  ,  ( a ,  g )  P  R ( C 2 ) ,  ( b ,  g )  P  R ( C 3 ) j  5  h f  ( k a l ,  k a ,  b l ) ,  a f  ( k a l ,  k a ,  b l ) j .
 Now , since  r  fixes every element of  C 1 , it acts on the above set . As each involution  u
 in  SL 3 (2) is of the form  f  ( k a l ,  k a ,  b l ) for some  a  ?  b  P  C 2 and  a  5  [ V ,  u ] 4 , the claim is
 verified .  h
 L EMMA 5 . 3 .  If  r  interchanges u and  [ V ,  u ] 4 u for an in y  olution u of L , then  r  also
 interchanges u 9  and  [ V ,  u 9 ] 4 u 9  for each in y  olution u 9  of L with C V  ( u 9 )  5  C V  ( u ) .
 P ROOF .  Two distinct involutions  u ,  u 9 of  L  with  C V  ( u )  5  C V  ( u 9 ) are commuting
 with each other , and [ V ,  u ]  ?  [ V ,  u 9 ] .  Then  u 2 1  ?  ([ V ,  u 9 ] 4 u 9 )  5  [ V ,  u 9 ] 4 ( uu 9 ) and
 [ V ,  uu 9 ]  ?  [ V ,  u 9 ] .  Thus ( u ,  [ V ,  u 9 ] 4 u 9 )  P  R ( C 3 ) , while ( u ,  u 9 )  P  C 2 as  uu 9 is an involu-
 tion of  L .
 Now  r  acts on  h u ,  [ V ,  u ] 4 u j  and  h u 9 ,  [ V ,  u 9 ] 4 u 9 j  by Lemma 5 . 2 , and its preserves the
 rleations  R ( C 2 ) and  R ( C 3 ) .  Thus if  u
 r  5  [ V ,  u ] 4 u  then ( u 9 ) r  should be an element of
 h u 9 ,  [ V ,  u 9 ] 4 u 9 j  with ([ V ,  u ] 4 u ,  ( u 9 ) r  )  P  R ( C 2 ) , which is uniquely determined to be
 [ V ,  u 9 ] 4 u 9  by the above observation .  h
 Lemma 5 . 3 enables us (with respect to a fixed automorphism  r  of  S  acting trivially on
 C 0  <  C 1 ) to define a function from the set of lines of  PG (2 ,  2) to the two-element field
 F 2 as follows . For a line  l  of  PG (2 ,  2) , we set  χ  ( l )  : 5  0 (mod  2) if  r  fixes  u  and [ V ,  u ] 4 u
 for all involutions  u  in  L  with  C V  ( u )  5  l ; and set  χ  ( l )  : 5  l  (mod  2) if  r  interchanges  u
 and [ V ,  u ] 4 u  for each involution  u  in  L  with  C V  ( u )  5  l .
 By Lemma 5 . 3 , the function  χ  is well-defined . Note that  u r  5  ([ V ,  u ] 4 ) χ  ( l ) u  for each
 involution  u  in  L .
 L EMMA 5 . 4 .  If l 1  ,  l 2  and l 3  are the three lines through a point P of  PG (2 ,  2) , we ha y  e
 χ  ( l 1 )  1  χ  ( l 2 )  1  χ  ( l 3 )  5  0  (mod  2) ,
 where  χ  is considered with respect to any automorphism  r  of S acting tri y  ially on
 C 1  <  C 1  .
 P ROOF .  Choose a line  m  not passing through  P , and let  Q i  be the point at the
 intersection of  l i  with  m  ( i  5  1 ,  2 ,  3) .  Let  u i  be the involution of  L  >  SL 3 (2) with
 f  ( u i )  5  ( Q i  ,  l i )  ( i  5  1 ,  2 ,  3) .  As  u i  acts trivially on  V  / Q i  5  V  / [ V ,  u i ] , u i  stabilizes  m , but ,
 as  l i  5  C V  ( u i )  ?  m , u i  interchanges the two points on  m  distinct from  Q i .  Thus we can
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 verify that  t  : 5  u 1 u 2  5  u 2 u 3  5  u 3 u 1 is an element of order 3 in  L  fixing  P  and inducing a
 3-cycle ( Q 1  ,  Q 3  ,  Q 2 ) on  m .  In particular , as an element of  G  >  2 3 :  SL 3 (2) , t  lies in the
 class  C 4 and ( u i  ,  t )  P  R ( C 2 ) for all  i  5  1 ,  2 ,  3 .
 Now let  a i  : 5  χ  ( l i ) ( i  5  1 ,  2 ,  3) ,  and let  Q 4 i  5  [ V ,  u i ] 4  5  v i  .  Then  u r i  5  v a i i  u i  ( i  5
 1 ,  2 ,  3) .  As  r  preserves the relation  R ( C 2 ) ,  ( u
 r
 i  )
 2 1 ( t r  ) lies in  C 2 for all  i  5  1 ,  2 ,  3 .
 Since  t r  also lies in  C 4  ,  the image  t
 r  of  t r  in  SL 3 (2)  >  G  / V  is an element of order 3 .
 The image  u r i   of  u
 r
 i   is equal to  u#  i , and the image of any involution of  C 2 is an involution
 of  SL 3 (2) .  Thus  t
 r  is an element of order 3 in  SL 3 (2) such that the products with  u#  i  are
 all involutions ( i  5  1 ,  2 ,  3) .  By a remark in 3 . 1 ,  t #  or  t #  2 1 are the unique such elements .
 Hence  t r  5  t #  a  for some  a  5  Ú 1 , and so  t r  5  v t a  for some  v  P  V  (in fact  v  P  [ V ,  t ]) .
 Thus , reading indices modulo 3 , we have
 ( u r i  )
 2 1 ( t r  )  5  u i v a i t  v t a  5  ( v a i i  v ) u i u i t a  5  v a i t  ( v ) u i u i 1 a
 for each  i  5  1 ,  2 ,  3 .  Since this element lies in  C 2 , for each  i  5  1 ,  2 ,  3 we have
 v a i t  ( v ) u i  5  0  or  v i 1 a  .
 As  v u i i 1 a  5  v i 2 a , for each  i  5  1 ,  2 ,  3 ,  we obtain
 v  5  v a i i  or  v a i i  v i 2 a  .
 As  v 1  1  v 2  1  v 3  5  0 , we can verify that ( a  1  ,  a  2  ,  a  3 ;  v ) is one of the following :
 If  a  5  1 ,  (0 ,  0 ,  0 ;  0 ) ,  (1 ,  1 ,  0 ;  v 2 ) ,  (1 ,  0 ,  1 ;  v 1 ) ,  (0 ,  1 ,  1 ;  v 3 ) ;
 If  a  5  2 1 ,  (0 ,  0 ,  0 ;  0 ) ,  (1 ,  1 ,  0 ;  v 1 ) ,  (1 ,  0 ,  1 ;  v 3 ) ,  (0 ,  1 ,  1 ;  v 2 ) .
 In particular , we have  a  1  1  a  2  1  a  3  5  0 (mod  2) .  h
 L EMMA 5 . 5 .  There is an element g  P  G such that  r I ( g )  fixes each element of the
 classes C 0  ,  C 1  and C 2  .
 P ROOF .  Consider the involutions  x i  ( i  5  1 ,  2 ,  3) of  L  with  f  ( x i )  5  ( k e i l ,  k e i  ,  e i 1 1 l ) ,
 where the indices are read modulo 3 . Then we can see that  x I ( e i 1 2 ) i  5  e i x i  but  x I ( e i 1 2 ) j  5  x j
 for any  j  ?  i  and  i  5  1 ,  2 ,  3 .  Thus there is an element  v  P  V  such that  r I ( v ) fixes  x i  ,  e i x i
 for all  i  5  1 ,  2 ,  3 and each element of  C 0  <  C 1 . (Note that  I ( v ) fixes each element of
 C 0  <  C 1  . )
 Then , with respect to  r I ( v ) , we have  χ  ( k e i  ,  e i 1 1 l )  5  0 for  i  5  1 ,  2 ,  3 by Lemma 5 . 3 .
 Applying Lemma 5 . 4 to the lines through  k e i l , we have  χ  ( k e i  ,  e i 1 1  1  e i 1 2 l )  5  0 for
 all  i  5  1 ,  2 ,  3 ,  and then  χ  ( k e 1  1  e 2 ,  e 2  1  e 3 l )  5  0 , again by Lemma 5 . 4 . Thus  χ  ( l )  5  0
 for every line of  PG (2 ,  2) , and hence  r I ( v ) fixes each involutions of
 C 2  5  h u ,  [ V ,  u ] 4 u  3  u :  involution in  L j .  h
 L EMMA 5 . 6 .  If  r  fixes each element of the classes C 0  ,  C 1  and C 2  , then  r  is the identity
 automorphism .
 P ROOF .  Let  t  be any element of  C 4 . By Lemma 4 . 1 and a remark in 3 . 1 , there are
 exactly three elements  u i  of  C 2 such that  u i u i 1 1  5  t  ( i  5  1 ,  2 ,  3) ,  and  t  and  t
 2 1 are the
 only elements  g  of  C 4 such that  u i g  P  C 2 for all  i  5  1 ,  2 ,  3 .  Since  r  preserves each class
 and fixes  u i  ( P C 2 ,  i  5  1 ,  2 ,  3) ,  r  acts on  h t ,  t 2 1 j .
 For any element  t 9 of order 3 in  L  >  SL 3 (2) , there is an involution of  u 9  P  L  such that
 u 9 t 9 is of order 7 . Thus there is an element  u  P  C 2 such that  ut  P  C 9  <  C 1 0 . Without loss
 of generality , we may assume that  ut  P  C 9 , and so ( u ,  t )  P  R ( C 9 ) .  Then ( u  5  u r  ,  t r  )  P
 R ( C 9 ) .  Suppose that  t
 r  5  t 2 1 .  Then  u r t r  5  ut  2 1 is conjugate to ( ut 2 1 ) t  5  t 2 1 u  5  ( ut ) 2 1 ,
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 which lies in the class  C 1 0 , not  C 9 , a contradiction . Thus  t r  5  t , and hence  r  fixes each
 element of  C 4  .
 The rest is a repetition of the similar arguments . As before , we set , for  i ,  j  5
 0 ,  .  .  .  ,  10  and  r  P  G ,
 C i ( r ,  j )  : 5  h g  P  C i  3  g  2 1 r  P  C j j .
 By direct calculations in  G  (similar to those described in 3 . 2 and the proof of Lemma
 5 . 4) , we can verify the following :
 ( C 3 )  For each  r  P  C 3  , C 2 ( r ;  2) consists of two elements , and
 h x  P  C 3  3  g  2 1 x  P  C 1  for  all  g  P  C 2 ( r ;  2) j  5  h r j .
 ( C 8 )  For each  r  P  C 8  , C 2 ( r ;  3) consists of three elements , and
 h x  P  C 8  3  g  2 1 x  P  C 3  for  all  g  P  C 2 ( r ;  3) j  5  h r ,  r 2 1 j .
 Furthermore , there is an element  u  P  C 2 such that  ur  P  C 9 but  ur 2 1  P  C 1 0  .
 ( C 6 )  For each  r  P  C 6  , C 2 ( r ;  2) consists of four elements , and
 h x  P  C 6  3  g  2 1 x  P  C 2  for  all  g  P  C 2 ( r ;  2) j  5  h r ,  r 2 1 j .
 Furthermore , there is an element  u  P  C 2 such that  ur  P  C 9 but  ur 2 1  P  C 1 0  .
 ( C 7 )  For each  r  P  C 7  , C 3 ( r ;  3) consists of four elements , and
 h x  P  C 7  3  g  2 1 x  P  C 3  for  all  g  P  C 3 ( r ;  3) j  5  h r ,  r 2 1 j .
 Furthermore , there is an element  u  P  C 2 such that  ur  P  C 9 but  ur 2 1  P  C 1 0  .
 ( C 5 )  For each  r  P  C 5 , both  C 2 ( r ;  1) and  C 2 ( r ;  3) consists of two elements and
 h x  P  C 5  3  g 2 1 x  P  C i  for  all  g  P  C 2 ( r ;  i )( i  5  1 ,  3) j  5  h r ,  r 2 1 j .
 Furthermore , there is an element  u  P  C 2 such that  ur  P  C 9 but  ur 2 1  P  C 1 0  .
 ( C i )  ( i  5  9 ,  10) For each  r  P  C i  and  i  5  9 ,  10 ,  there are exactly seven elements in
 C 2 ( r ;  4) ,  and
 h x  P  C i  3  g 2 1 x  P  C i  for  all  g  P  C 2 ( r ;  3) j  5  h r j .
 For the convenience of readers who wish to check the results , here I give  C i ( r ;  j ) for
 explicit representatives  r  given in 3 . 2 . In the sequel , we freely use the notation there ,
 and we write  e i j  5  e i  1  e j  ,  e 1 2 3  5  e 1  1  e 2  1  e 3 for short .
 For ( C 3 ) ,  we may take  e 2 s  as  r . Then  C 2 ( r ;  2)  5  h f 2 1 ( k e 1 2 l ,  k e 1 ,  e 2 l ) ,
 f 2 1 ( k e 2 l ,  k e 1 ,  e 2 l ) j .
 For ( C 8 ) ,  we may take  e 1 2 τ  as  r . Then  C 2 ( r ;  3)  5  h s  ,  s  τ  ,  s  τ
 2 j ,  and  u  5
 f 2 1 ( k e 2 3 l ,  k e 1 ,  e 2 3 l ) satisfies the latter claim .
 For ( C 6 ) , as  r  we may take  r  .  Then
 C 2 ( r ;  2)  5  h f 2 1 ( k e 2 l ,  k e 1 ,  e 2 l ) ,  f 2 1 ( k e 1 2 l ,  k e 1 ,  e 2 l ) ,
 f 2 1 ( k e 1 l ,  k e 1 ,  e 3 l ) ,  f 2 1 ( k e 1 l ,  k e 1 ,  e 2 3 ) lj ,
 and  u  5  e 2 3 f 2 1 ( k e 2 3 l ,  k e 1 2 ,  e 1 3 l ) satisfies the latter claim .
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 For ( C 7 ) ,  we may take  e 3 r  as  r . Then
 C 3 ( r ;  3)  5  h e 1 2 f 2 1 ( k e 2 l ,  k e 1 ,  e 2 l ) ,  e 1 3 f 2 1 ( k e 1 l ,  k e 1 ,  e 3 l ) ,
 e 2 3 f
 2 1 ( k e 1 l ,  k e 1 ,  e 2 3 l ) ,  e 1 f 2 1 ( k e 1 2 l ,  k e 1 ,  e 2 l ) j ,
 and the above  u  for  r  also satisfies the latter property .
 For ( C 5 ) ,  we may take  e 3 s  as  r . Then
 C 2 ( r ;  1)  5  h s  ,  e 1 s  j ,  C 2 ( r ;  3)  5  h f  2 1 ( k e 1 l ,  k e 1 ,  e 2 3 l ) ,  e 1 f 2 1 ( k e 1 l ,  k e 1 ,  e 2 3 l ) j ,
 and  u  5  e 2 f 2 1 ( k e 2 l ,  k e 2 ,  e 3 l ) satisfies the latter property .
 For ( C i ) with  i  5  9 ,  10 , we may take  r  5  h  or  h  3 . Then  C 2 ( r ;  4)  5  h u h
 j  3  j  5  0 ,  .  .  .  ,  6 j
 with  u  5  s  (resp .  f 2 1 ( k e 1 2 l ,  k e 1 ,  e 2 l )) for  r  5  h  (resp .  h  3 ) .
 By the property ( C 3 ) above ,  r  fixes each element of  C 3  .  The former part of ( C 8 )
 shows that  r  at most inverts each  r  P  C 8  ,  and then the latter part implies that  r  fixes
 each  r  P  C 8  .  Exactly the same reasoning can be applied to conclude that  r  fixes each
 element of  C 6  <  C 7  <  C 5  .  Finally ,  r  fixes each element of  C 9  <  C 1 0 by Property ( C i ) for
 i  5  9 ,  10 .  h
 T HEOREM .  Aut( - ( G ))  >  G  3  G .
 P ROOF .  Lemmas 4 . 1 , 4 . 5 and 4 . 6 imply that the stabilizer  S  5  Aut( - ( G )) 1 of the
 identity 1 in Aut( - ( G )) coincides with the group of inner automorphisms
 h I ( g )  3  g  P  G j  >  G .  Thus  u Aut( - ( G )) u  5  u G u  u S u  5  u G  3  G u .  As we saw in Section 2 that
 Aut( - ( G ))  contains a subgroup  h m  ( a ,  b )  3  a ,  b  P  G j  >  ( G  3  G ) / h ( z ,  z )  3  z  P  Z ( G ) j  >
 G  3  G , we have Aut( - ( G ))  5  h m  ( a ,  b )  3  a ,  b  P  G j  >  G  3  G .
 C OROLLARY .  For a non - split extension H  >  2 3  ?  SL 3 (2) ,  - ( H )  is not isomorphic to
 - ( G ) .
 P ROOF .  Suppose that  - ( H ) is isomorphic to  - ( G ) .  Then Aut( - ( H ))  >
 Aut( - ( G ))  >  G  3  G  by the Theorem . Now  H  3  H  >  ( H  3  H ) / h ( z ,  z )  3  z  P  Z ( H ) j  is a
 subgroup of Aut( - ( H )) ,  as we saw in Section 2 . Since  H  contains an element of order
 8 (see 3 . 2) ,  G  3  G  should contain such an element . However , any 2-element of  G  is of
 order at most 4 (see 3 . 2) . Hence the claim is proved .  h
 6 .  T HE A UTOMOPRHISM G ROUP OF  - (2 3  ?  SL 3 (2))
 In this section , for the completeness , we show that the automorphism group of the
 group association scheme  - ( H ) is isomorphic to  H  3  H  for the non-split extension
 H  >  2 3  ?  SL 3 (2) .  This fact can be also used to show that  - (2 3 :  SL 3 (2))  > u  - (2 3  ?  SL 3 (2)) .
 Although we are required to verify several facts in the permutation representation of  H
 on 14 letters , the proof is along exactly the same line with that for Aut( - ( G )) in
 Section 5 . Hence just a brief sketch is given here . We freely use the notation in 3 . 3 to
 describe classes and elements of  H  >  2 3  ?  SL 3 (2) .
 Similarly to Section 5 , it suf fices to show the stabilizer  S  : 5  Aut( - ( H )) 1 of the
 identity element 1  P  H  in Aut( - ( H )) coincides with the group of the inner
 automorphisms  I ( g ) ( g  P  H ) .  Let  r  be any element of  S .
 L EMMA 6 . 1 .  There is an element g  P  H such that  r I ( g )  fixes each element of D 0  <  D 1 .
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 P ROOF .  The claim can be obtained by the similar argument as in the proof of
 Lemma 5 . 1 , if we characterize  h  f 1  ,  f 2  ,  f 1  f 2 j  for each two distinct vectors  f 1  ,  f 2 of  F  4  in
 terms of relations . In fact , it coincides with the set  h  f  P  D 1  3  fg  P  D 2 for all  g  P
 D 2 (  f 1  ,  f 2 ) j  for  D 2 (  f 1  ,  f 2 )  : 5  h g  P  D 2  3  f  g i  5  f i  ( i  5  1 ,  2) j  5  h g  P  D 2  3  f i g  P  D 2  <  D 3 ( i  5  1 ,  2) j .
 (To check this , it is useful to recall the last remarks in 3 . 3 . )  h
 Since our aim is to show that  S  5  h I ( g )  3  g  P  H j ,  we may assume that  r  fixes each
 element of  D 0  <  D 1 . We will do so from now on .
 L EMMA 6 . 2 .  An automorphism  r  acts on the paris  h u ,  u 2 1 j  for each u  P  D 2 .
 P ROOF .  Let  s  be any element of  D 2 with the involutive image  s#   in  H  / F  5  Aut( F  )  >
 SL 3 (2)  corresponding to the flag ( k  f 1 l ,  k  f 1  ,  f 2 l ) of the projective plane for  F  (see 3 . 1) .
 Using the last remarks in 3 . 3 , we can verify that the set  D 3 (  f 1  ,  f 2 )  : 5  h g  P  D 3  3  f  2 1 1  g  P  D 3  ,
 f  2 1 2  g  P  D 2 j  consists of two elements  f 2 s  and  f 1  f 2 s  , and that the set  h s  ,  s  2 1 j  can be
 characterized as  h x  P  D 2  3  x  2 1 y  P  D 1 for all  y  P  D 3 (  f 1  ,  f 2 ) j . Since  r  fixes each element of
 D 1 and preserves the classes of  H ,  r  acts on  h s  ,  s  2 1 j .
 L EMMA 6 . 3 .  If  r  interchanges u and u 2 1  for an element u  P  D 2  , then  r  also
 interchanges u 9  and  ( u 9 ) 2 1  for each u 9  P  D 2  with C F  ( u 9 )  5  C F  ( u ) .
 P ROOF .  For the images  u#   and  u#  9 in  H  / F  >  SL 3 (2) , we can write  f  ( u#  )  5  ( k  f 1 l ,  k  f 1  ,  f 2 l )
 and  f  ( u 9 )  5  ( k  f 2 l ,  k  f 1  ,  f 2 l ) by our assumption . Then the product  u#  u 9 is an involution of
 SL 3 (2) , and hence  uu 9 is an element of order 4 with ( uu 9 ) 2  5  f 1  f 2 . (Note that  uu 9 is not
 an involution by the last remark in 3 . 3 . )
 Thus  uu 9 and so  u 2 1 u 9 lies in  D 2 or  D 3 . Without loss of generality , we may assume
 that  u 2 1 u 9  P  D 2 . Then  u 2 1 ( u 9 ) 2 1  5  u 2 1 f 2 u 9  5  f 2 ( u 2 1 u 9 ) as  f 2  P  C F  ( u ) ,  but  f 2 does not lie
 in [ F ,  u 2 1 u 9 ]  5  k  f 1  f 2 l . Thus  u 2 1 ( u 9 ) 2 1  P  D 3 by the last remarks in 3 . 3 .
 This implies that if  u r  5  u 2 1 , then ( u 9 ) r  5  ( u 9 ) 2 1 ,  as  r  preserves the relations and acts
 on  h u ,  u 2 1 j  and  h u 9 ,  ( u 9 ) 2 1 j  by Lemma 4 . 2 .  h
 Lemma 6 . 3 enables us (with respect to a fixed automorphism  r  of  S  acting trivially on
 D 0  <  D 1 ) to define a function from the set of lines of  PG (2 ,  2) to the two-element field
 F 2 as follows . For a line  l  of  PG (2 ,  2) , we set  χ  ( l )  : 5  0 (mod  2) if  r  fixes  u  and  u 2 1 for
 all  u  P  D 2 with  C F  ( u )  5  l ; and set  χ  ( l )  : 5  1 (mod  2) if  r  interchanges  u  and  u 2 1 for each
 u  P  D 2 in  L  with  C F  ( u )  5  l .
 By Lemma 6 . 3 , the function  χ  is well-defined , and  u r  5  ( u 2 ) χ  ( l ) u  for  u  P  D 2 with
 l  5  C F  ( u ) .
 L EMMA 6 . 4 .  If l 1  ,  l 2  and l 3  are the three lines through a point P of  PG (2 ,  2) , we ha y  e
 χ  ( l 1 )  1  χ  ( l 2 )  1  χ  ( l 3 )  5  0  (mod  2) ,
 where  χ  is considered with respect to any automopphism  r  of S acting tri y  ially on
 D 0  <  D 1 .
 P ROOF .  As shown in the proof of Lemma 4 . 2 , we can check that each element
 t  P  D 4  can be written as  τ  5  m
 2 1
 i  m i 1 1 for three elements  u i  P  D 2 ( i  5  1 ,  2 ,  3) ,  reading
 indices modulo 3 . The proof is almost parallel to that of Lemma 5 . 4 . The essential
 dif ference is the last computation ; that is , to examine the pairs ( a ,  b ) of elements of  D 2
 in which  a ,  b  are powers of  m i  ( i  5  1 ,  2 ,  3) and  a
 2 1 b  5  y  τ  a  for some  y  P  [ F ,  τ  ]  5  k  f 1  ,  f 3 l
 and  a  5  Ú 1 .
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 We can verify that for  a  5  2 1 there is no such pairs (see the proof of the latter claim
 of Lemma 4 . 2) and that for  a  5  1 ,  ( a ,  b ) is one of the following :
 ( m  1  ,  m  2 ) ,  ( m  2  ,  m  3 ) ,  ( m  3  ,  m  1 )  for  y  5  1 ;
 ( m  1  ,  m
 2 1
 2  ) ,  ( m
 2 1
 2  ,  m
 2 1
 3  ) ,  ( m
 2 1
 3  ,  m  1 )  for  y  5  f 1 ;
 ( m 2 1 1  ,  m  2 ) ,  ( m  2  ,  m
 2 1
 3  ) ,  ( m
 2 1
 3  ,  m
 2 1
 1  )  for  y  5  f 3 ;
 ( m 2 1 1  ,  m
 2 1
 2  ) ,  ( m
 2 1
 2  ,  m  3 ) ,  ( m  3  ,  m
 2 1
 1  )  for  y  5  f 1  f 3 .
 Since in each case there are even number of  u 2 1 i   involved , the claim is verified . (Note
 that  u i  is inverted to  u
 2 1
 i   if f  χ  ( l i )  5  1 for the line  l i  5  C F  ( u i ) . )
 L EMMA 6 . 5 .  There is an element g  P  H such that  r I ( g )  fixes each element of the
 classes D 0  , D 1  and D 2 .
 P ROOF .  The proof is exactly the same as that for Lemma 5 . 5 , except that we take
 three elements  u i  in  D 2 such that the image  u#  i  in  SL 3 (2) coincides with  x i  there .  h
 L EMMA 6 . 6 .  If  r  fixes each element of the classes D 0  ,  D 1  and D 2  , then  r  is the identity
 automorphism .
 P ROOF .  First note that , by Lemma 4 . 2 ,  u D 2 ( t ;  2) u  5  3 for  t  P  D 4 and  h x  P  D 4  3  g 2 1 x  P
 D 2  for all  g  P  D 2 ( t ;  2) j  5  h t j .  Since  r  fixes every element in  D 2 and preserves  D 4 , this
 implies that  r  should fix each  t  P  D 4 . (This is slightly simpler than the argument in
 Lemma 5 . 6 . )
 Now the same argument can be applied to prove the claim , if we notice the following
 facts , which can be verified either by hand or by GAP (taking a fixed representative) :
 ( D 3 )  u D 2 ( s ;  1) u  5  2 ,  u D 2 ( s ;  2) u  5  2 for  s  P  D 3 and
 h x  P  D 3  3  g  2 1 x  P  D 2  for  all  g  P  D 2 ( t ;  i ) ,  i  5  1 ,  2 j  5  h s j ;
 ( D 5 )  u D 4 ( s ;  2) u  5  8 for  s  P  D 5 and
 h x  P  D 5  3  g  2 1 x  P  D 2  for  all  g  P  D 4 ( s ;  2) j  5  h s j ;
 ( D 6 )  u D 2 ( s ;  3) u  5  2 ,  u D 2 ( s ;  4) u  5  4 for  s  P  D 6 and
 h x  P  D 4  3  g  2 1 x  P  D 2  for  all  g  P  D 2 ( t ;  i ) ,  i  5  3 ,  4 j  5  h s j ;
 ( D 7 )  u D 2 ( x ;  2) u  5  4 for  x  P  D 7 and
 h  y  P  D 7  3  g 2 1 y  P  D 2  for  all  g  P  D 2 ( x ;  2) j  5  h x j ;
 ( D 8 )  u D 2 ( x ;  3) u  5  3 for  x  P  D 8 and
 h  y  P  D 8  3  g 2 1 y  P  D 3  for  all  g  P  D 2 ( x ;  3) j  5  h x j ;
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 ( D k )  ( k  5  9 ,  10)  u D 2 ( x ;  4) u  5  7 for  x  P  D k  and
 h  y  P  D k  3  g  2 1 y  P  D 4  for  all  g  P  D 2 ( x ;  4) j  5  h x j .  h
 Now exactly the same arguments as in the proofs of Theorem and Corollary in
 Section 5 give the following results .
 T HEOREM .  We ha y  e  Aut( - ( H ))  >  H  3  H and  - ( G )  > u  - ( H ) .
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 A PPENDIX
 Here we give the irreducible character tables of  G  5  2 3 :  L 3 (2) and  H  5  2
 3 (2) .  They
 are identical , subject to the following correspondence of their conjugacy classes (under
 the notation in 3 . 2 and 3 . 3) :  C i  S  D i  for  i  with 0  <  i  <  10 , i  ?  2 ,  3 ,  and  C j  S  D 5 2 j  for
 j  5  2 ,  3 .  Here we just give one table for them , in which the names of conjugacy classes
 of  G  (resp .  H ) are put in the first (resp . second) row together with the sizes of the
 corresponding centralizers in the third row . The classes and characters are arranged so
 that the characters of their common factor group  L 3 (2) can be easily recognized . Note
 that  χ  7  1  1 is the permutation character of  H  on 14 letters in 3 . 3 and  χ  8  1  1 is that of
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 From this table , we can calculate the intersection number  p k ij  for  - ( H ) , which is by
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 definition the number of pairs ( a i  ,  a j ) in  D i  3  D j  such that  a i a j  is a specified element of
 D k  ,  using the well-known formula
 p k ij  5  u D i 3  3 D j u / u H u  O 11
 m 5 1
 χ m ( x i ) χ m ( x j ) χ m ( x k ) / χ m (1) ,
 where the  x l  are specified elements in  D l  ( l  5  i ,  j ,  k ) .  Note that the intersection numbers
 q k ij  of  - ( G ) are identical to  p
 k
 ij , up to the interchange of the indices 2 and 3 .
 Since  u D i ( r ;  j ) u  5  p k ij  and  u C i ( r ;  j ) u  5  q k ij  for  r  P  D k , the former part of each claim in the
 proofs of Lemmas 5 . 6 and 6 . 6 can be verified by just observing these numbers for
 i  5  2 ,  3 . For convenience of the readers , the matrices  B i  of intersection numbers are
 given below for  i  5  2 ,  3 , where the (  j ,  k )-entry of  B i  is defined to be  p k ij  (0  <  j ,  k  <  10) :
 0  0  1  0  0  0  0  0  0  0  0
 0  0  1  2  0  2  0  0  0  0  0
 42  6  6  2  3  0  0  4  0  0  0
 0  12  2  2  0  2  2  2  3  0  0
 0  0  16  0  9  8  4  12  3  7  7
 B 2  5  0  24  0  4  3  6  6  2  3  0  0  ,
 0  0  0  8  3  12  2  0  9  7  7
 0  0  16  8  9  4  0  2  3  7  7
 0  0  0  16  3  8  12  4  9  7  7
 0  0  0  0  6  0  8  8  6  0  14
 0  0  0  0  6  0  8  8  6  14  0
A B
 0  0  0  1  0  0  0  0  0  0  0
 0  0  2  1  0  2  0  0  0  0  0
 0  12  2  2  0  2  2  2  3  0  0
 42  6  2  6  3  0  4  0  0  0  0
 0  0  0  16  9  8  12  4  3  7  7
 B 3  5  0  24  4  0  3  6  2  6  3  0  0  .
 0  0  8  16  9  4  2  0  3  7  7
 0  0  8  0  3  12  0  2  9  7  7
 0  0  16  0  3  8  4  12  9  7  7
 0  0  0  0  6  0  8  8  6  0  14
 0  0  0  0  6  0  8  8  6  14  0
A B
